Abstract. Given a compact set K one may define a transfinite diameter for K via a limiting process involving maximising a Vandermonde determinant over K with respect to a monomial basis. Different transfinite diameters may be obtained by using different polynomial bases in the Vandermonde determinant calculation. We show that if these bases are sufficiently similar that the transfinite diameter of K is unchanged. Utilising this result we show that the transfinite diameters defined by Cox-Ma'u and Berman-Boucksom for algebraic varieties are equal.
Introduction
The transfinite diameter of a compact set K is an interesting constant within pluripotential theory due to the fact that it is related to other seemingly unrelated constants such as Chebyshev constants and logarithmic capacity. In C these relationships have been well understood for some time while it wasn't until Rumely [13] and Berman-Boucksom [1] [2] [3] that these relationships were well understood in C M . Essential to the definition of a transfinite diameter is the evaluation of a Vandermonde determinant with respect to some polynomial basis. In C M this basis is taken to be the monomial basis while in the setting of a complex manifold BermanBoucksom chose a µ-orthonormal basis where µ is a probability measure.
Studying transfinite diameters in the setting of an algebraic variety V is in some sense a midway point between C M and a complex manifold. The variety inherits enough structure from C M in order to show convergence of the transfinite diameter limit in an analogous way, but can also be viewed as a complex manifold (possibly with singularities) so one could use a complex geometric approach to show convergence. Both these approaches have been studied, the former by Cox-Ma'u [4, 10] and the latter by Berman-Boucksom [1, 2] . While these transfinite diameters are defined in similar ways the precise relationship between the two approaches has not yet been clarified. This paper establishes that with an appropriate probability measure these approaches yield the same transfinite diameter under mild geometric hypothesis. The first step towards showing this is establishing a general technical theorem relating transfinite diameters defined by bases which are sufficiently similar, which we call compliant bases (Definition 3.5). Theorem 1.1 (Theorem 3.11). Let V be an affine algebraic variety of pure dimension M , K ⊂ V a compact set, and suppose that B and C are compliant graded bases for C [V] . If the limit
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Equipped with this result we show the desired equality of approaches by showing that the basis used in each approach is compliant with the usual monomial basis the algebraic variety. For the Cox-ma'u approach this is done in Proposition 4.3 while the Berman-Boucksom approach is done in Proposition 4.7 where the 'appropriate' probability measure is ν = (dd c V TV ) M (Proposition 4.5). With these propositions the following corollary is immediate. . Let V be an algebraic variety, K ⊂ V a compact set, and ν a probability measure on V. If S k is an orthonormal basis for
The limit on the right hand side is the original formulation of Berman-Boucksom.
The paper is structured as follows: Section 2 is a brief overview of the necessary preliminary information for this paper, Section 3 contains the proof of the main technical theorem in the paper, Section 4 utilises our main theorem to relate d cm (K) and d bb ν (K), Section 5 shows how d bb ν (K) is related to the original formulation of Berman-Boucksom, and Section 6 is a worked example illustrating the equality.
1.1. Notation. Let V be an affine algebraic variety of pure dimension M . We employ the following notational conventions.
• Z ≥0 is the set of nonnegative integers, and Z M ≥0 is the set of M -tuples of nonnegative integers.
• If a polynomial ordering is not stated, it is assumed that the ordering used is grevlex. Precisely, if α,
(ii) |α| = |β| and α N −j > β N −j for the first index j ∈ Z ≥0 for which α N −j = β N −j .
• I(V) denotes the ideal generated by V. If p 1 , ..., p s is a collection of polynomials then V(p 1 , ..., p s ) is the variety defined by the common zero set of p 1 , ..., p s .
• Given a polynomial p and a monomial ordering, lt(p) is the term of the polynomial with maximum degree with respect to this ordering. The ideal lt(I(V)) is the ideal generated by the terms
• Consider the ring of equivalence classes C[z]/I(V) and choose some monomial ordering. A canonical representative from an equivalence class [p] is the unique element q such that no term of q lies in lt(I(V)) , we call such an element a normal form (Definition 2.5). C[V] is the set of all normal forms on V and we call this set the polynomials on V.
• C =k [V] are the polynomials in C[V] of degree exactly k, and C k [V] are the polynomials in C[V] of degree at most k.
• N =k is the number of monomials in C =k [V] and N k the number of monomials in
e. is the sum of the degrees of the monomials of degree at most k.
• N x =k is the number of monomials in C k [x] , and N 
Preliminaries
2.1. Transfinite Diameter. Consider an affine algebraic variety V of pure dimension M . Let C be a polynomial basis for C[V] and suppose that C k are the elements of C of degree at most k. We say that C is a graded basis if C k is a basis for
for each k. Suppose that C is a graded polynomial basis and let {e i (z)} s k i=1 be the elements in C k . We use the notation
We occasionally write V DM ζ1,...,ζs
when the points ζ 1 , ..., ζ s k are irrelevant within the context. The transfinite diameter of K (with respect to the basis C) is the limit
if the limit exists. The transfinite diameter was introduced by Fekete-Szegö for K ⊂ C as early as the 1920's and a comprehensive study of this and associated results can be found in [11] . It is a result of Zakharjuta [14] that the above limit exists when V = C N and C is the ordinary monomial basis.
2.2.
Cox-ma'u Transfinite Diameter. The approach of Cox-ma'u [4, 10] is motivated by classical methods i.e. those of Zakharjuta [14] . Essential to this work is the creation of polynomials which have a sub-multiplicative property for which techniques of Zakharjuta can be used on to show the convergence of the transfinite diameter limit.
Definition 2.1. Let z = (x, y) where x ∈ C M , y ∈ C N −M and V be an affine algebraic variety. We say that C[x] is a Noether normalisation for C[V] if the following conditions are met.
(
Given an algebraic variety V, Theorem 2.1 [4] guarantees that one can always find a complex linear change of coordinates so that the three properties in Definition 2.1 hold. The condition (iii) is not usually assumed for a Noether normalisation as it is a consequence when using the lex monomial ordering. Since the motivating monomial ordering for the work of Cox-ma'u is the grevlex ordering we make this condition a requirement. Definition 2.2. Let V ⊂ C N be an M dimensional affine algebraic variety of pure dimension M with d sheets and affine coordinates (x, y), x ∈ C M , y ∈ C N −M . We say that V has distinct intersections with infinity if it satisfies the following properties.
which is a 1 dimensional affine algebraic variety with two sheets. Since y 2 = x 2 − 1 it follows that
It follows that V has distinct intersections with infinity.
Example 2.4. Consider V = V((x + y) 2 + x + y − 1) which is a 1 dimensional affine algebraic variety with two sheets. Then
It follows that V does not have distinct intersections with infinity.
, is the unique polynomial representative in C[z]/I(V) which contains no monomials in the ideal lt(I(V)) .
In [4] it was shown that under the mild geometric condition of distinct intersections with infinity that one can show the convergence of the transfinite diameter limit for algebraic varieties in an analogous way to C M . Their main results are summarised in the following two results. Lemma 2.6 (Corollary 2.6, Lemma 2.7-2.10, Proposition 2.11, [4] ). Suppose that V is a pure M -dimensional affine algebraic variety with distinct intersections with infinity. For some t ∈ N sufficiently large there are polynomials
satisfying the following properties.
where
Remark 2.7. In Lemma 4.1 we will prove that consideration of the normal forms in property (iii) of the previous lemma is unnecessary. As a consequence of this we can interpret the previous lemma as giving us a decomposition of C[V] in the following way
where the v i 's have convenient algebraic properties. As a result of this the collection of (⋆) and (⋆⋆) elements act like a monomial basis for C[V] and this idea is utilised in the following theorem. Also note that A contains all monomials in
Definition 2.8. The elements from Lemma 2.6 will be called a cm-basis for C[V].
Theorem 2.9 (Theorem 5.2, [4]).
Let V be an affine algebraic variety with distinct intersections with infinity and K a compact subset of V. If C is a cm-basis for C[V] ordered by any graded ordering † then the limit
2.3. Berman-Boucksom Transfinite Diameter. As part of their breakthrough study of pluripotential on complex manifolds, Berman-Boucksom ( [1] [2] [3] ) showed that a transfinite diameter with respect to an orthonormal polynomial basis existed. The result we are interested in is rephrased in our context below.
Theorem 2.10 (Corollary A, [2] ). Suppose that V is an affine algebraic variety of pure dimension M and E ⊂ V a compact set. Let ν be a probability measure on K.
exists.
The original statement has
. Relating these two formulations is purely combinatoric and the relation is clarified in Section 5. For our main theorem we need to find a particular probability measure ν which satisfies the hypothesis of Theorem 2.10. Definition 2.11. Let V be a pure M -dimensional affine algebraic variety. We say (x, y) ∈ C M × C N −M is a Noether presentation for V if the following conditions are satisfied.
(ii) There is a constant C such that y ≤ C(1 + x ) for all (x, y) ∈ V. † A graded ordering is an ordering where the elements are ordered by total degree before any other ordering. In Cox-ma'u [4] a specific graded ordering is constructed for the proof, but their result holds for any graded ordering.
Coordinates of this type were introduced in [6] and studied further in [7] . Coordinates satisfying only the second condition have been considered by other authors including Rudin [12] and Zeriahi [15] . Such coordinates can always be constructed and explicit methods of construction are given in [6, Theorem 2.21] or [7, Proposition 1.9]. They are coordinates for which studying pluripotential theory on affine algebraic varieties in particularly convenient. An important observation is that, with respect to these coordinates, the variety is locally bounded in the y variables i.e. y → ∞ if and only if x → ∞.
Let log
+ |z| = max{log |z|, 0} for all z ∈ V. Recall the Lelong class of plurisubharmonic (psh) functions,
Noether presentations allow for the following calculation of mass result.
Proposition 2.12 (Theorem 2.27 [6] , Theorem 3.6 [7] ). Suppose that V is a pure M -dimensional affine algebraic variety with
Given a Noether presentation for an affine algebraic variety V let T V = {(x, y) ∈ V : |x j | ≤ 1}. By the previous remark about the local boundedness of V, it follows that T V is compact. Recall that the logarithmic extremal function associated to a compact set K is defined by
Lemma 2.13. Suppose that V is a pure M -dimensional affine algebraic variety with d sheets and suppose we have a Noether presentation (x, y). Let ν = (dd c V TV ) M /d with respect to these coordinates, then ν is a probability measure on V.
+ (V) and the first claim follows from Proposition 2.12.
Definition 2.14. Suppose that V is a pure M -dimensional affine algebraic variety with d sheets and suppose we have a Noether presentation (x, y). Let ν = (dd c V TV ) M /d with respect to these coordinates. We say that the basis B that arises from performing Gram-Schmidt on M[V] with respect to the L 2 (ν)-norm is a bbbasis for C[V].
Relations between General Transfinite Diameters
The following definition is motivated by the notion of a ring being finite over a subring. We want the same kind of structure but for a basis of the ring and subring. Definition 3.1. Let S[z] be a polynomial ring and B ⊂ S[z] some subset. We say that E is a core for B if there is a pair (A, t) where A ⊂ S[z] is a finite set and t ∈ Z ≥0 such that {b ∈ B : deg(b) ≥ t} = {ae : e ∈ E, a ∈ A} and E is closed under multiplication.
The following examples are fundamental. 
Then the set {1,
Then the corresponding spanning set from this Lemma is the set 
and B − C = {x · x n , yx n : n ∈ Z ≥0 }.
Then B and C are compliant with core M[x]. The finite set A for C − B is {v 1 , v 2 } while the finite set for B − C is {x, y} and t ≥ 1 for both. Example 3.8. For an example of bases which are not compliant, let B be the monomials {z n : n ∈ Z ≥0 , z ∈ C}. Let C be the scaled monomials under the transformation z → rz, i.e. C = {(rz) n : n ∈ Z ≥0 , z ∈ C}. Then B − C = B and B has core given by B, while C − B = C and C has core given by C. Since these cores are different it follows that B and C are not compliant.
The following structural lemma is formally obvious, but will be useful when dealing with specific examples. Proof. Suppose that t is sufficiently large so that {b ∈ B : deg(b) ≥ t} = {ae : e ∈ E, a ∈ A B } {c ∈ C : deg(c) ≥ t} = {ae : e ∈ E, a ∈ A C }.
Any element in B − C of degree ≥ t (resp. C − B) has the form ae, a ∈ A B (resp. ae, a ∈ A C ). It follows that B − C has core E and C − B has core E as required.
Before proving our main result we need the following counting lemma.
Lemma 3.10. Let V be an affine algebraic variety of pure dimension M . Then
Proof. Since N k and l k are preserved under linear transformations, we may assume
We will utilise the following well known calculations (e.g. [8, page 36] ) to derive the result;
and so
Since C[x] is a Noether normalisation for C[V], there exists finitely many elements
With these calculations we can estimate
The following theorem is the main result of this section. It shows that two bases being compliant is a sufficient condition for their corresponding transfinite diameters to be equal. Theorem 3.11. Let V be an affine algebraic variety of pure dimension M , K ⊂ V a compact set, and suppose that B and C are compliant graded bases for C[V]. If the limit
The strategy is to prove Theorem 3.11 is to transform V DM [B] into V DM [C] then measure the impact the scale factor has on the determinant calculation. If the growth of that scale factor is sufficiently slow then it will decay to 1 in the limit giving the result.
Proof. We first study the row operations needed to transform a row of V DM [B k ] into a row of V DM [C k ]. Let E be the common core of B − C and C − B. Let C be the associated finite subset of C − B (with respect to E), and let B be the finite set associated to B − C (with respect to E). For each c i ∈ C there is a (finite) linear combination of e ij b ij ∈ B such that
Multiplying through by some e ∈ E we obtain
These linear combinations tell us the row operations necessary to transform a row
• to make a row of c i entries we add a ij times the e ij b ij row, • to make a row of c i e entries we add a ij times the e ij b ij e row.
Let I be the set of double-indices {(i, j) : a ij = 0} appearing in these calculations. From linear algebra we know that the only row operation which scales the absolute value of the determinant is multiplication of a row by a constant. The multiplications that are needed to transform V DM [B k ] into V DM [C k ] must come from the set {a ij : ij ∈ I}. To this end, let m = min{|a ij | : (i, j) ∈ I} and M = max{|a ij | : (i, j) ∈ I}. Now we can estimate
where the factor N k is the number of rows in the matrices. Taking 1/l k roots, the log of everything, and the limit as k → ∞ we conclude, using Lemma 3.10, that
Remark 3.12. Adapting this proof to more general settings is possible if an analogous version of Lemma 3.10 is available in this setting. 
cm-Basis is Compliant with M[V]
. We begin with a lemma which justifies the claim about the normal form asserted in Remark 2.7
Lemma 4.1. Let V be an affine algebraic variety of pure dimension M . Suppose that C[x] is a Noether normalisation for C [V] . If there is some p ∈ I(V) with lt(p) = x β y α then there is some q ∈ I(V ) with lt(q) = y α . In particular if y α ∈ C[V] then x β * y α = x β y α and we have the decomposition
for some finite collection of multi-indices A.
Proof. By hypothesis there exists g i ∈ I(V) and m i ∈ Z ≥0 such that lt(g i ) = y mi i . Without loss of generality assume that m i is minimal for each i. Since lt(g i ) = lt(g j ) for i = j it is clear that the set {g 1 , ..., g N −M } is linearly independent, it follows that dim( 
In the situation of Lemma 4.1 we have xy − y + x − 1 ∈ I(V) and it is clear by construction that there is no q ∈ I(V) such that lt(q) = y since y ∈ C[V]. This is also evident from the decomposition Proof. By Lemma 2.6 it is easy to see that
By Lemma 4.1 these elements are in normal form. It is easy to see that common core for these sets is M[x] = {x β : β ∈ Z M ≥0 } and that the finite sets are C = {v i : i = 1, ..., d} and B = {x 
Proof. Observe that for any
where µ is the normalised Lebesgue measure on {|x 1 | = ... = |x M | = 1}. Note we have used the standard fact that (dd c max{log
with α = β then at least one of α j − β j = 0, without loss of generality assume that this is the case for α 1 − β 1 . It is standard that in this case Using Fubini's theorem and the fact about (dd c max{log
which proves the claim.
Proposition 4.6. Let V be an affine algebraic variety of pure dimension M with Noether presentation (x, y) and probability measure ν = (dd
Let B A be the elements of {y α : α ∈ A} after Gram-Schmidt with respect to L 2 (ν). Then a bb-basis B for C[V] is given by
is a core for B.
Proof. There are two things to check; that B is an orthonormal set and that it is a spanning set for C [V] . The normalisation condition can be checked by calculating directly that
The second equality follows from by Proposition 4.5, while the last equality follows from the definition of f j . The orthogonality of the set can also be checked by calculation in the following way. First consider x β f j and x α f i with i = j (we allow the possibility that α = β.) Since each |x k | = 1 on T V we can estimate
And it follows that x β f j and x γ f i are orthogonal. Now suppose that i = j and α = β. Since T V is compact, each |f j | is bounded by some constant M independent of j. Then we estimate
by Proposition 4.5. This shows that the set is orthonormal.
To show that B is a basis for C[V] observe that |B A | = |A| and that the elements of B A are linearly independent. It follows that for any k ≥ a = max{|α|} that
Since the elements of B A are linear combinations of elements from C[V], the above equality in dimensions implies that span{b ∈ B} = C[V] as required. 
We make the following structural observations Corollary 4.9. Let V be an affine algebraic variety of pure dimension M with distinct intersections with infinity and Noether presentation (x, y).
Adaption to the Original Statement of Berman-Boucksom
The original statement of Berman-Boucksom had the definition of the transfinite diameter being (1) lim
This statement is more convenient in their setting despite the unusual denominator.
To relate equation (1) to Corollary 4.9 it is simply a matter of comparing the growth of kN k and l k . The estimate we need to derive is not immediately obvious so we consider the following example to motivate the derivation. 
Terms of the form y
Terms of the form
x k where the −2 term comes from a = max{|α| : α ∈ A} and the 6 is equal to n = |A|. The following lemma formalises this observation.
and nl
where n = |A| and a = max{|α| : α ∈ A}.
Proof. Let N α k be the number of monomials of degree at most k which are of the form
for any α. Summing over all n possibilities for α we obtain
as desired. The argument for l k is identical.
Proof. If a = max{|α| : α ∈ A} and n = |A| then by Lemma 5.2
. From these estimates and the identity l
. It is easily checked that these polynomials satisfy the required conditions:
The corresponding cm-basis for C[V] is {1, x m v 1 , x m v 2 : m ∈ Z ≥0 } and a typical Vandermonde determinant takes the form We can calculate that t = 2k − 1 and l k = k(2k−1) 2
. Clearly lim k→∞ t/l k = 0. It then follows that
as expected.
Berman-Boucksom Transfinite Diameter
We have T V = {(x, y) ∈ V : |x| ≤ 1} and ν = 
